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ABSTRACT: Although the LVE predictions of monodisperse systems by the discrete slip-link model
(DSM) are at least as good as those made by tube models, there are significant differences in contributions to
relaxation from polymer chain dynamics and environment dynamics (Khaliullin et al.Macromolecules 2009,
42, 7504-7517). This observation suggests that tube models and DSM might yield different predictions for
the observable relaxation modulus of bidisperse blends. Here we compare DSM to experimental data as well
as the Park and Larson tube model (Park et al. Macromolecules 2004, 37, 597-604) and the des Cloizeaux
tubemodel withmodified double reptation (vanRuymbeke et al.Macromolecules 2002, 35, 2689-2699). Our
self-consistent implementation of constraint dynamics avoids factorization assumptions, or tube dilation
processes, so no new parameter, such as the Struglinski-Graessley parameter, is necessary. All three models
compare very well with experiments. We then use the DSM to analyze the molecular probe rheology ex-
periments of Liu et al. (Liu et al.Macromolecules 2006, 39, 7415-7424). By examining the dynamic modulus
of blends of very long and short entangled chains, those authors concluded that constraint release plays a
significant role in molecular weight scaling of the longest relaxation time. Here we show that their conclusion
is incorrect because their analysis neglects constraint dynamics of the long chains. Moreover, we show that a
correct analysis can be used to distinguish between tube and slip-link models. Namely, probe rheology can be
used to estimate a sum of relaxation from sliding dynamics and constraint dynamics. Because the dynamic
modulus of monodisperse systems measures a product of these two processes, the combination of the two
experiments can be used to distinguish between sliding and constraint dynamics.OnlyDSMcandescribe both
experiments.

Introduction

Polydispersity is present in all polymers and significantly affects
polymer melt linear viscoelastic (LVE) measurements,2,3,7,8,10-12

which makes LVE a useful tool for polydispersity characteriza-
tion. Unfortunately, current atomistic simulations are able to
resolve relaxation times up to a few hundred nanoseconds only,
so are incapable of resolving time scales necessary for LVE
prediction.13 Therefore, to make LVE predictions, it is necessary
to develop a coarse-grained model or, even more favorable, a
coarse-grainedmean-fieldmodel, which utilizes a level of descrip-
tion less detailed than molecular simulations.

There are many mean-field models that predict LVE for
monodisperse systems very well.5,10,14-18 These models assume
that the main determinant of stress relaxation in polymer melts is
entanglement dynamics. Entanglements are topological con-
straints that account for entropic changes in polymer conformat-
ions related to chain uncrossability. Due to Brownian forces and
free-energy differences, a polymer chain slides through the ent-
anglements relaxing its stress. At the same time, it has been shown
that LVE for a blend is not a superposition of LVE for its mono-
disperse components,10 indicating that polymer relaxation can-
not be approximated by a mean-field chain in the presence of
fixed obstacles. Rather, chain-chain interactions are essential in
polymer dynamics.

Chain-chain interactions inmean-field tubemodels are imple-
mented by a constraint release (CR) process, which removes

stress from the middle of the chain. There are several mathema-
tical frameworks that describe CR: “double reptation” (DR),15

Rouse motion,10,14,19 and tube dilation.1,5,18,20 It has been shown
by Likhtman and McLeish that for monodisperse polymers CR
modeled as a Rousemotion predicts LVE very well.14 The Rouse
motions of the entanglements were implemented by representing
the tube as a 3D bead-spring chain, where each bead has a fixed
mobility that is chosen consistently with sliding dynamics (SD) of
the polymer chains surrounding the tube.

In a recent work we compared the discrete slip-link model
(DSM) with monodisperse LVE data.4 We showed that the new
self-consistent implementation of the chain-chain interactions in
DSM as constraint dynamics (CD) agrees with data well. Note
that the CD process destroys and creates entanglements in the
middle of the chain, in contrast to CR, which does not affect the
number of entanglements per chain.We also compared the DSM
monodisperse LVE predictions with those by the Likhtman and
McLeishmodel.14 The differences between the model predictions
were within the experimental uncertainty. Because the slip-link
model is more detailed, physical ideas, such as CLF, repta-
tion, and so on, arise naturally from the model rather than being
added by hand, as is typical in tube models. As a result of the
higher level of description, we could examine several assumptions
made by Likhtman and McLeish. From comparison of these
models,wedetermined, in agreementwith tube theory, that (i) the
total relaxation modulus for the monodisperse system, G(t), is
proportional to a product of the relaxation modulus from chain
sliding dynamics (SD), GSD(t), and the relaxation modulus from
CD, GCD(t), (ii) the probability of primitive-path survival can be
separated into contour-length fluctuations (CLF) and reptation,
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and (iii) CD does not significantly affect zero-shear-rate viscosity
scaling and the SD terminal time inmonodisperse systems.On the
other hand, several other tube theory assumptions disagree with
the DSM.Namely,GSD(t) can not be approximated by a fraction
of survived primitive-path times the plateau modulus, GN

0 , plus
longitudinal modes; and chain-chain interactions are not well
approximated by a 3D Rouse motion of permanent entangle-
ments. These assumptions introduce errors when applied to the
DSM. Those errors cancel each other when CR and SD relaxa-
tionmoduli aremultiplied.As a result, the LVEpredictions of the
two models are nearly indistinguishable when compared with
monodisperse LVE experimental data. However, we expect these
differences to result in different predictions of LVE for poly-
disperse mixtures, which motivates our work here.

Unfortunately, there is no self-consistent tube model for poly-
disperse systems, as detailed as that by Likhtman and McLeish
for monodisperse systems.14 The most-studied tube model pre-
diction for polydisperse polymer mixtures is double reptation
(DR). DR assumes that the polymer relaxation modulus, G(t),
can be factorized into the product of two independent relaxation
moduliGSD(t) andGCR(t). It also assumes that for monodisperse
polymers GCR(t) = GSD(t).15 However, van Ruymbeke et al.
showed that better agreement with experiments is achieved if one
assumes that GCR(t) � (GSD(t))1.25 for tube models so that the
terminal time of the blend would decrease compared to the long-
chain monodisperse system. The higher exponent in the DR
model is hypothesized to arise from the existence of entangle-
ments that involve more than 2 chains.3

Another explanation for the decrease of the blend terminal
time is an influence of CR on SD. Such an influence is neglected
by assuming independence of the relaxation moduli, so the
influence is added ad hoc. In addition, Struglinski and Graessley
experimentally showed that for blends with sufficiently large
difference between long and short chain molecular weights the
longest relaxation time of the blend is significantly smaller than
the longest relaxation of its high-molecular-weight monodisperse
component.21 That decrease was not captured by erstwhile exist-
ing tubemodels, so it was accounted for by adding new physics to
themodel, such as tube dilation. However, such a process can not
be applied to the blends of similar molecular weight, because it
reduces the longest relaxation time too much. As a result,
Struglinski and Graessley introduced a parameter that deter-
mines if tube dilation takes place or not in tube models. The
critical value of the Struglinski-Graessley parameter SG: =
Me

2ML/MS
3 was set to 1. Later Park and Larson developed a

new tube model that mimics CR as a combination of Rouse
motion and concentration-dependent modulus. They find that
the critical value of the SGparameter for theirmodel is 0.064.We
show below that ourDSM requires no such considerations as the
SG parameter, but can still describe the decrease in the blend
terminal time.

More recently Liu et al. looked at bidisperse blends of widely
separated molecular weights in order to minimize the contribu-
tion from chain-chain interactions to the relaxation of a small
fraction of probe chains in a matrix of long chains.22They assu-
med that relaxation of the matrix of long chains is negligible on
the time scale of relaxation of probe chains. As a result, they
attempted to extract relaxation of the probe chains in a matrix of
nearly fixed entanglements. Based on their experimental results,
they concluded that existing tube models overestimate polymer
relaxation contribution from the CLF compared to the reptation
process. In addition, they concluded that presence of constraint
dynamics affects zero-shear-rate viscosity scaling with molecular
weight. Inour previous paperwe comparedLiu et al. experimental
results with the discrete slip-link model prediction for chains in a
fixed environment.4 We found a disagreement with their conclu-
sions. We suspected that the source of the disagreement is

relaxation of the matrix due to CD of the probe chains on the
long chains, which is on the same time scale as relaxation of the
probe chains. In this work we will also examine the contribution
toCDon the long chains of the Liu et al. experiments. The results
confirm our suspicions.

Here we apply the DSM to bidisperse systems without any
modifications. The model can also be applied to blends of higher
dispersity, butwe believe that systemswith two distinctmolecular
weights provide a more severe test. We compare our LVE
predictions to experimental results and to predictions by the
des Cloizeaux time-dependent diffusion tube model combined
with modified double reptation (TDD-MDR), as suggested by
van Ruymbeke et al.,3 and with the Park and Larson (PL) tube
model.5 We show that the DSM with binary entanglements
agrees with data at least as well as the TDD-MDR model with
its ad hoc exponent of 2.25. We show that fundamental imple-
mentation of chain-chain interactions as CD predicts well
bidisperse blends of variousmolecular-weight separations includ-
ing systems with SG < 0.064, 0.064 < SG < 1 and 1 < SG. It
does not require ad hoc parameters or any additional physics
such as tube dilation combined with SG criteria. In addition, we
show how to generalize the DSM to entanglements that contain
an arbitrary number of chains and examine LVE sensitivity to the
assumption of binary entanglements.

Discrete Slip-Link Model

The discrete slip-link model (DSM) was introduced in ref 17
and significantly evolved in a recent work.4 Details are given
there. Here we describe the model briefly and show how to apply
it to polydisperse systems.

The chain is approximated by a random walk. The entangle-
ments are randomly distributed along the chain with uniform
probability 1/(1 þ β), defining the primitive-path of the chain,
where β is a model parameter that is defined below. It is assumed
that relaxation of an entangled strand is much faster then the
chain relaxation, so the chain may be coarse-grained to a
primitive-path. Themodel is described by the following variables:
the number of strands, Z, in a chain; the number of Kuhn steps,
Ni, in the i

th strand; the vector,Qi, connecting entanglements i- 1
and i; and the characteristic lifetime, τi

CD, of the ith entanglement
related to constraint dynamics (CD). The equilibriumprobability
density, peq,γ(Ω), of conformations of a type γ chain, which
denotes chain length, is given by the modified Max-
well-Boltzmann relationship

peq,γðΩÞ ¼
δðNK,γ,

PZ
i¼ 1

NiÞ

JβZ- 1
exp -

FðΩÞ
kBT

� � YZ- 1

i¼ 1

pCDðτCDi Þ ð1Þ

where J= (1þ 1/β)NK - 1 is the normalization constant, δ(i, j) is
the Kronecker delta function, NK,γ is the total number of Kuhn
steps in a chain of type γ, F(Ω) is the free energy of achain with
conformation Ω, T is temperature, pCD(τCD) is the probability
density of entanglement lifetimes, kB is the Boltzmann constant,
and β is a parameter that depends on entanglement density and
approximately equal toNe- 1 for long chains, whereNe� ÆNiæ is
the average number of Kuhn steps in a strand.4

Here, the free energy of an entangled strand is approximated
by the Gaussian free energy17

FsðQ,NÞ
kBT

¼ 3Q2

2Na2K
þ 3

2
ln

2πN

3a2K

" #
ð2Þ

The approximation is valid for flexible polymer chains that are
not stretched greater than about 1/3 of their contour length. The
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free energy of the dangling ends is found to be zero, so the free
energy of the entire chain is

FðΩÞ ¼
XZ- 1

i¼ 2

FsðQi,NiÞ ð3Þ

In DSM, Ni is treated as an integer number, so conformation
changes due to Brownian forces are described by a jump process
from one conformation to another. The evolution equation at
equilibrium becomes

Dpeq, γðΩ, tjΩ0, t0Þ
Dt

¼
Z

½WðΩjΩ0Þpeq,γðΩ0, tjΩ0, t0Þ

-WðΩ0jΩÞpeq,γðΩ, tjΩ0, t0Þ�dΩ0 ð4Þ
where W(Ω0|Ω) is a transition rate probability of a jump from
conformation Ω to Ω0 in unit time. τK is a characteristic time
required to shift one Kuhn step through an entanglement, which
depends on the polymer chemistry and temperature, but not the
polymer architecture nor molecular weight. Note that jumps to
conformationΩ are allowed only from a neighboring conforma-
tion Ω0, so W(Ω|Ω0) can be split into five processes

W ¼ ð
XZ- 1

i¼ 1

Wi
shÞþWSD

d þWSD
c þWCD

d þWCD
c ð5Þ

whereWsh
i is a transition probability per time to shift aKuhn step

through entanglement i, Wd
SD and Wc

SD are related to probabi-
lities to destroy and create an entanglement on the ends of the
chain by SD, andWd

CD andWc
CD are transition probabilities per

time to destroy and create an entanglement in the middle of the
chain by CD. Complete expressions for the transition probabi-
lities are reported in ref 4.

InDSMan entanglement is formed by at least two chains, so if
one chain abandons an entanglement then it should be destroyed
for the other chain(s). The simplest realization of such CDwould
be to couple several chains in the ensemble as was done by Doi
and Takimoto.23 However, such an implementation loses some
advantages of a mean-field theory. To develop a self-consistent
realization with independent chains in the ensemble we add a
characteristic lifetime, τCD, to each entanglement. The distribu-
tionof the lifetimes, pCD(τCD), will affect the rate of destructionof
the entanglements by CD, which should be self-consistent with
the rate of destruction by SD.4 pCD(τCD) is defined by chain-
chain interactions, so it depends on polydispersity and complex-
ity of entanglements. We show how to calculate pCD(τCD) for a
polydisperse blend with any average number of chains, R, entan-
gled with the probe chain. We assume that any given entangle-
ment consists of an integer number of chains, but on average the
number can be noninteger. If R is a noninteger, the simplest
implementation is to allowonly entanglementswith the two integer
numbers of chains closest to R. Although, more realistic might be
to use a Poisson distribution; we are interested here in sensitivity
effects of entanglement complexity. pCD(τCD) is found in a self-
consistent way from chain SD using the following equation

where int(R) is the smallest integer value that is equal to
or greater than R. pSD(τ) is obtained from the fraction of

survived entanglements, f SD(t), that are being destroyed by
SD only

f SDðtÞ ¼
Z ¥

0

pSDðτÞ exp -
t

τ

� �
dτ ð7Þ

For binary entanglements (R= 1), eq 6 becomes equivalent
to that used in refs 4,10, and 14.

For a polydisperse blend of nm components with volume
fractions wγ, f

SD (t) is split into a fraction of survived entangle-
ments of the individual components fγ

SD(t) as follows

f SDðtÞ ¼
Xnm
γ¼ 1

wγf
SD
γ ðtÞ ð8Þ

Note that, for the blends considered in this paper, volume and
weight fractions are assumed to be the same, so we choose to use
weight fraction. However, in a more complicated blend, volume
fraction would be more appropriate.

We assume that entanglement characteristic lifetimes are
all independent, ignoring the fact that two chains once en-
tangled have a higher chance to entangle again, so pCD(τCD)
is not affected by neighboring values of τCD. Assuming bin-
ary interactions and using eqs 6 and 8, pCD(τCD) is con-
structed from lifetime distributions of its monodisperse com-
ponents

pCDðτCDÞ ¼
Xnm
γ¼ 1

wγp
CD
γ ðτCDÞ ð9Þ

where pγ
CD(τCD) is the entanglement characteristic lifetime

distribution for the γth component. Details on how pγ
CD(τCD)

is estimated for a monodisperse component are given in ref 4
and the result has the following form

pCDγ ðτÞ ¼ ð1- gγÞRγ

ðτmax
γ ÞRγ - ðτ0γÞRγ

τRγ - 1Hðτ- τ0γÞHðτmax
γ - τÞ

- gγδðτdγ - τÞ ð10Þ

where gγ, Rγ, τγ
0, τγ

max, and τγ
d are parameters determined self-

consistently by τK, NK,γ, and β. H(x) is the Heaviside step
function. The first term is a result of CLF and the second term
is related to reptation.4

After calculating pCD(τCD) and using it in eq 1, we predict the
relaxation modulus of the blend, G(t) by using the Green-Kubo
expression

GðtÞ ¼ V

kBT
Æτxyð0ÞτxyðtÞæeq ð11Þ

where Æ 3 3 3 æeq is an ensemble average, τxy(t) is any off-diagonal
stress tensor component and V is the system volume. Note, that
the DSM is a mean-field model, so the stress tensor of the
system is a sum of the stresses of its individual chains per unit
volume

τ ¼ 1

V

XNc

j¼ 1

τcj ð12Þ

whereNc is the total number of chains. The chain stress tensor
is found from thermodynamics17,24

τcj ðtÞ ¼ -
XZj - 1

i¼ 2

Qi, j
DFðΩÞ
DQi, j

 !
T, fNi, jg,Qk 6¼i, j

ð13Þ
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Using eqs 11-13, we calculate the relaxation modulus of the
system to be

GðtÞ ¼
Xnm
γ¼ 1

wγGγðtÞ ð14Þ

where Gγ(t) is the relaxation modulus of the γth component in
the system.

To obtain the dynamic modulus, G*(ω), we fit a relaxation
spectrum, hγ(τ), to Gγ(t)

GγðtÞ ¼ G0
N,γ

Z ¥

0

hγðτÞ
τ

exp -
t

τ

� �
dτ ð15Þ

We find that hγ(τ), represented by a BSW spectrum,25 describes
model predictions very well

hγðτÞ ¼
Xlγ
k¼ 1

gk,γRk,γτRk, γHðτmax
k,γ - τÞHðτ- τ0k,γÞ

ðτmax
k, γ ÞRk, γ - ðτ0k,γÞRk, γ ð16Þ

where gk,γ, Rk,γ, τk,γ
0 , τk,γ

max are the fitting parameters and lγ is the
number of fittingmodes for the γ component.We find that lγ=1
is enough for the low-molecular-weight component, and lγ=2 is
for the high-molecular-weight component in bidisperse blends.

The dynamic moduli, Gγ*(ω), are calculated analytically from
the one-sided Fourier transform of eq 15 multiplied by iω. The
expressions for Gγ

0 (ω) and Gγ
0 0(ω) are

Gγ
0ðωÞ ¼ G0

N, γω
2
Xm
i¼ 1

Qi- 1

j¼ 0

τ
Rj -Rjþ 1

j

Ri þ 2 2F1 1,
Ri þ 2

2
;
Ri þ 4

2
; -ω2τ2i

� �
τRi þ 2
i

"

- 2F1 1,
Ri þ 2

2
;
Ri þ 4

2
; -ω2τ2i- 1

� �
τRi þ 2
i- 1

#.

Xm
i¼ 1

Qi- 1

j¼ 0

τ
Rj -Rjþ 1

j ðτRi

i - τRi

i- 1Þ

Ri
ð17Þ

G
00
γðωÞ ¼ G0

N,γω
Xm
i¼ 1

Qi- 1

j¼ 0

τ
Rj -Rjþ 1

j

Ri þ 1 2F1 1,
Ri þ 1

2
;
Ri þ 3

2
; -ω2τ2i

� �
τRi þ 1
i

"

- 2F1 1,
Ri þ 1

2
;
Ri þ 3

2
; -ω2τ2i- 1

� �
τRi þ 1
i- 1

#.

Xm
i¼ 1

Qi- 1

j¼ 0

τ
Rj -Rjþ 1

j ðτRi

i - τRi

i- 1Þ

Ri
ð18Þ

where 2F1(a, b, c, d) is the hypergeometric function. Using eqs 14,
17, and 18, we calculate the dynamicmodulus of the polydisperse
blend.

Tube Models for Polydisperse Systems

The level of description of the DSM allows prediction of
LVE from the terminal relaxation up to longitudinal modes.
The tube models find that the parameter necessary to describe
longitudinal modes can also predict high frequency modes
(sometimes called Rouse modes), although Likhtman and
McLeish reported some nonuniversality of polybutadiene.14

In the DSM we do not specify relaxation processes separately,

thus we can not make any conclusion about high frequency
modes. As a result, here we compare DSM with tube models
that include only physics (or parameters) that are necessary to
describe the terminal time, primitive-path-length fluctuations,
and longitudinal modes.

A successful tube model that predicts LVE of polydisperse
systems is a TDD-MDR proposed by van Ruymbeke et al.3

Although we are aware of a more recent tube model by van
Ruymbeke et al.,31 we will avoid comparison in this paper. The
model is solved numerically, so it requires development of a
mathematical code. On the other hand, the main objective of this
work is to show that DSM with CD using only two adjustable
parameters (β and τK) can predict bidisperse mixtures at least as
well as othermodels that requiremore parameters. The latest van
Ruymbeke model requires six parameters (GN

0 ,Me, τe, τR, R, and
SG) for bidisperse predictions, but gives similar agreement with
experiments. However, R has a fixed value, which is equal to 1 in
recent work,31 and therefore is not an adjustable parameter. In
addition,Me has a relationship withGN

0 , thus, the model actually
has only four adjustable parameters. Of course, van Ruymbeke’s
model is much easier to calculate than DSM.

The TDD-MDR assumes that LVE of a polydisperse blend
can be found from the relaxation moduli of its monodisperse
components by using the mixing rule

GðtÞ ¼ G0
N

Z
wðMÞ GðM, tÞ

G0
N

 !1=ðRþ1Þ
dM

M

2
4

3
5
Rþ1

ð19Þ

whereM is polymermolecularweight,w(M) is theweight fraction
of the polymer,G(M, t) is the relaxationmodulus of the polymer,
and R is a model parameter. For R equal to 1 the model predicts
double reptation, however, 1.2 gives better agreement with
polydisperse LVE data.

LVE predictions of the monodisperse components are ob-
tained assuming that the relaxation modulus is factorized in the
following way

GTDDðt,MÞ
G0

N

¼ 8

π

X
podd

1

p2
exp -

p2t

KrM3

 !
exp -

p2M/

M
g

t

M/KrM2

� �" #

þ Me

3M

XM=Me

p¼ 1

exp -
p2t

KRM2

 !
ð20Þ

gðyÞ= ffiffiffi
y

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yþ ffiffiffiffiffiffi

πy
p þπ

q
- y ð21Þ

whereKr,KR,M*,Me, andGN
0 aremodel parameters. The second

term in eq 20 is the longitudinal modes3 similar to that by the
Likhtman andMcLeish tubemodel.14 The high frequencymodes
were removed from the model for fair comparison, although the
longitudinal modes are kept. The parameter values for poly-
styrene areM*= 160 kDa,Me = 18.5 kDa, and R=1.2;3 other
parameters (Kr,KR, andGN

0 ) are treated as adjustable. Therefore,
the TDD-MDRmodel has six parameters to predict polydisperse
LVE.

Recently, another tube model was developed by Park and
Larson that successfully predicts polydisperseLVE.5,26 Themodel
is similar to the Milner and McLeish tube model for branched
systems.27 We present here our own interpretation of the model
based on equations given in their papers assuming R = 1, as
suggested.5

As shown in eq 15, the relaxationmodulus is characterized by a
relaxation spectrum h(τ). With only SD present, the relaxation
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spectrum for GSD(t) is assumed by Park and Larson to split into
two distinct processes with different characteristic time scales

hSDðτÞ ¼ hSDCLFðτÞþ hSDrepðτÞ ð22Þ

where hCLF
SD (τ) represents the relaxation spectrum related to the

contour-length fluctuation contribution to the relaxation mod-
ulus and hrep

SD(τ) is the relaxation spectrum for the chain reptation
contribution. Consistent with Rubinstein and Colby10 and with
Likhtman andMcLeish,14 these spectra aremodeled by Park and
Larson as

hSDCLF :¼ 1

4

256τ

9π2Z4τe

� �1=4

ð1-Uðτ- τdÞÞ

hSDrep :¼ 8

π2
1-

256τd
9π2τeZ4

� �1=4
" #X

podd

τδðτ- τd=p
2Þ

ð23Þ

whereU(t) is the unit step function28 and τd is the reptation time.
The reptation time is defined as

τd ¼ 3Z3τe 1-
8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

p
π3=2Z2 þ 4

p
- 16

2
ffiffiffi
3

p
π3=2Z2

0
@

1
A2

ð24Þ

Z = M/Me is the number of strands in a chain, Me is the
entanglement molecular weight, and τe is the model time scale.

When CR is added to the model, GSD is modified. Instead of
factorization in the time domain, they assumemodification in the
spectrum domain, which results in multiplication of hSD(τ) by a
transfer function hCR(τ). So the relaxation modulus becomes

GPLðtÞ
G0

N,PL
¼
Z ¥

0

hSDðτÞhCRðτÞ
τ

exp -
t

τ

� �
dτþ 1

4ZS

XZS

p¼ 1

exp -
p2t

τR,S

 !

ð25Þ
where G0

N,PL ¼ 4FRT
5Me

and τR is the Rouse time. The second term
represents longitudinal modes14,26 and τR,S is treated as an
adjustable parameter. As seen in Figure 10, predictions without
longitudinal modes are unsatisfactory.

Recall that CR is a result of SD of imaginary chains entangled
with the probe chain, so it has two characteristic time scales
related to CLF and reptation. At times longer than the reptation
time GCR has the form of a 3D Rouse chain relaxation modulus
(τd/t)

1/2, the scaling dependence is similar to those of Milner et
al.20 and Likhtman and McLeish14 although the prefactor is
different. At times shorter than reptation, the CR spectrum is
identical to the one reported in refs 20 and 27. So the transfer
function consists of two terms

hCR :¼ hCRCLF þ hCRrep

hCRCLF :¼ 2 1-
256τ

9π2Z4τe

� �1=4
" #

ð1-Uðτ- τdÞÞ

hCRrep :¼ 1-
256τd

9π2Z4τe

� �1=4
" # ffiffiffiffiffi

τd
τ

r
Uðτ- τdÞ

ð26Þ

For a binary blend, themodel assumes the simplemixing rule of

hSDðτÞ ¼ wSh
SD
S ðτÞþwLh

SD
L ðτÞ

hCRðτÞ ¼ wSh
CR
S ðτÞþwLh

CR
L ðτÞ ð27Þ

wherewS andwL are the weight-fractions of the short and the long
chains. After substituting eqs 27, 26, and 23 into eq 25, we end up
with 16 terms. Several of the terms are 0 due to the different regions
in τ set by unit step and delta functions. Also, for a binary blend of
short (S) and long (L) chains, several approximations are made to
obtain the expressions from refs 5 and 26.

hSDrep, SðτÞhCRCLF, LðτÞ f
1

2
hSDrep, SðτÞhCRCLF, LðτÞ ð28Þ

hSDCLF, LðτÞhCRCLF, LðτÞ f hSDCLF, LðτÞhCRCLF, LðτÞUðτd, S - τÞ

þ τ

τþ τd, S - τc
hSDCLF, Lðτþ τd, S - τcÞhCRCLF, Lðτþ τd, S - τcÞ

�Uðτ- τcÞUðτc þ τd,L - τd, S - τÞ
ð1-Uðτ- τd,LÞÞ2

ð29Þ

hSDCLF, LðτÞhCRrep, SðτÞ

f
1

4
hCRCLF, Lðτd, SÞ 1þwLh

CR
CLF, Lðτd, SÞ

wSh
CR
CLF, Sðτd, SÞ

 !
hCRrep, SðτÞUðτc - τÞ

ð30Þ

hSDrep, LðτÞhCRrep, SðτÞ f 0 ð31Þ

where τt= τd,L for SG<0.064, τt=wLτd,L for SG>0.064, and
τd,S and τd,L are reptation times of the short and long chains,
respectively. Approximation 29 is made in ref 5 but not in ref 26.
The full expression for bidisperse G(t) is reported in the Appen-
dix. Note that it is not clear how to apply the PL tube model to
systems more disperse than binary.

Bidisperse LVE Comparisons with Data

Previous work showed good agreement of the DSM LVE
predictions with data for monodisperse polymers.4 Without any
additional assumptions or physics, we apply the DSM model to
predict bidisperse blends. The model parameters, β and τK, are
fitted to experimental LVE monodisperse data and used to
predict other monodisperse and bidisperse LVE measurements.

As pointed out before, there is some experimental inconsis-
tency in the data between different laboratories4,14 from tem-
perature control, residual solvent, polymer tacticity, thermal
degradation, instrument compliance at high frequencies, and
sample radius variations. These variations lead to differences in
estimations of the τK parameter. Therefore, to predict bidisperse
data using τK fitted frommonodisperse comparison, bothmono-
disperse and bidisperse data should be taken in the same lab. The
data used in our study are reported in Tables 1 and 2.

Figures 1 and 2 show the DSM predictions for monodisperse
and bidisperse polymers compared with experimental PS data.
For all PS predictions in this work we use β = 15.1, which
corresponds to a plateau modulus value of approximately 250
kPa. DSM predictions are in good agreement with the experi-
mental LVE data assuming only binary entanglements and using
a single τK value in each data set. The small deviation of the
prediction for PS670 might be the result of polydispersity in
experimental data.4 The disagreement at high frequencies arise
from the level of description used in the theory: such short time
scales are not present in the DSM model.

In Figure 3, DSM predicts the correct shape for the bidisperse
PS LVE, but does not match the data using τK fitted for the
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monodisperse systems. Note the crossover of the bidisperse data
shifted toward higher frequencies compared to the crossover of
the low-molecular-weight monodisperse component. Such a shift
contradicts any existing model and most other experimental
observations. We suspect that this shift is related to residual
solvent in the system. The presence of solvent will result in a
decrease in the time scales of the system.

In previous work, we showed a disagreement in the DSMLVE
predictions with low-molecular-weight chains that have less
than five entanglements. The DSM predicted the correct shape
of the low-molecular-weight experimental LVE data; however,
the τK value was significantly lower than the value from the high-
molecular-weight comparison.4 The disagreements for low-mole-
cular-weights can be seen in Figures 4 and 5. As mentioned in
previous work, the source of the discrepancy is unclear. Similar
deviations of the DSM predictions from bidisperse LVE data are
observed at the high frequencies before glassy modes take over.
This fact suggests that the disagreement is a result of the model
coarse-graining. Themodel assumes that entanglement dynamics
is the main determinant of dynamics in polymer melts, which is
expected to break down for lightly entangled chains. Also, the
model assumes that polymer density and entanglement density

are independent of polymer molecular weight, which is incorrect
for lightly entangled polymers.13,29,30 Nevertheless, the LVE
prediction by the DSM for the bidisperse systems with lightly
entangled chains are satisfactory. The agreement seen inFigures 4
and 5 shows that the model does not require any additional

Table 1. Experimental Data Characteristics and Parameter Fits of
Monodisperse Melts

code 10-3Mw Mw/Mn T (�C) NK τK (ms) source

PS39 39 1.07 143 54 6 8

PS60 60 1.04 170 83 0.09 11

PS102 102 1.02 130 140 36 12

PS160 160 N/A 160 220 0.16 7

PS177 177 1.03 170 244 0.09 11

PS355 355 1.02 170 489 0.045 3

PS390 390 1.06 130 537 36 12

PS427 427 1.05 143 588 6 8

PS670 670 N/A 160 922 0.16 7

PBD22 22.8 1.05 25 100 0.28 � 10-3 6

Table 2. Experimental Data Characteristics and Parameter Fits of
Bidisperse Melts

code 10-3Mw
low 10-3Mw

high T (�C) wlow τK (ms) source

PS39&427 39 427 143 0.8 6 8

PS60&177%40 60 177 170 0.4 0.09 11

PS60&177%60 60 177 170 0.6 0.09 11

PS102&390 102 390 130 0.86 16 12

PS160&670 160 670 160 0.5 0.16 7

PS191&670 191 670 170 0.35 0.045 3

PBD22&1240 22.8 1240 25 0.1 0.07 � 10-3 6

Figure 1. Comparison of the DSMLVE predictions with experimental
data by Ruybeke et al. Gray symbols are experimental data for PS390
and black symbols are bidisperse mixture PS191&670.3 Lines are the
DSM predictions.

Figure 2. Comparison of the DSMLVE predictions with experimental
data byMontfort et al. Gray symbols are experimental data for PS160,
black triangles are data for PS670, and black squares and circles are
bidisperse mixture PS160&670.7 Lines are the DSM predictions.

Figure 3. Comparison of the DSMLVE predictions with experimental
data by Nielsen et al. Gray symbols are experimental data for PS102,
black triangles are data for PS390, and black squares and circles are
bidisperse mixture PS102&390.12 Lines are the DSM predictions.

Figure 4. Comparison of the DSMLVE predictions with experimental
data by Watanabe et al. Gray symbols and black triangles are experi-
mental data for PS39 and PS427 and black squares and circles are
bidisperse mixture PS39&427.8 Lines are the DSM predictions.
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physics such as tube dilation. It still captures the decrease in the lon-
gest relaxation time of the high-molecular-weight chains correctly.

Comparison of the DSM with Tube Models

We showed above that the DSM agrees with experimental
LVE very well. Next we compare tube models with the same
bidisperse data, so the time constants for all models will be fitted
on bidisperse LVE instead of monodisperse. As seen in Figure 6,
Figure 7 and Figure 9 the TDD-MDR and the PL tube model
predictions agree with data as well as the DSM for PS160&670,
PS60&177%40, PS60&177%60 and PS191&670 blends. The
parameters used in these figures are GN

0 = 270 kPa, Kr = 2.5 �
10-6 s/KDa3 and Kr = 5 � 10-6 s/KDa2(τR,S = 0.13 s) for the
TDD-MDRmodel, τe = 2 ms and τR,S = 50 s for the PL model
(graysolid line), and τe= 2ms and τR,S=0.13 s for the PLmodel
(gray dashed line) in Figure 6;GN

0 = 320 kPa,Kr = 1.4� 10-6 s/
KDa3, and KR = 1.4� 10-6 s/kDa2(τR,S = 5 ms) for the TDD-
MDRmodel, and τe= 1.5ms and τR,S= 0.15 s for the PLmodel
in Figure 7; GN

0 = 220 kPa, Kr = 0.8� 10-6 s/KDa2, and KR =
0.8� 10-6 s/kDa3(τR,S= 30ms) for the TDD-MDRmodel, and
τe=0.65ms and τR,S=0.13s for the PLmodel inFigure 9;GN

0 =
230 kPa,Kr= 0.65� 10-3 rms/kDa3, andKR=2� 10-3 s/kDa2-
(τR,S = 20 s) for the TDD-MDR model, and τe = 0.35 s and
τR,S = 100 s for the PL model in Figure 8. Although, notice that
the PL model parameter τR,S is always higher than the one used

by the TDD-MDR model, especially for PS160&670 blend. In
Figure 6 we also show the PL model prediction with τR,S con-
sistent with TDD-MDR model; however, the prediction is
unsatisfactory. For the PS102&390 blend with SG = 0.074, the
TDD-MDR tube model overestimates the longest relaxation
time (τ1 = 40000 s) compared to the DSM (τ1 = 3000 s), the
PL model (τ1 = 1000 s), and the data, Figure 8. Also, the PL
model predicts the wrong position for the crossover point for the
PS191&670 blend (ωx,PL≈ 0.03 rad/s,ωx,exp≈ 0.1-0.2 rad/s), as
seen in Figure 9. For this blend, SG = 0.019 is lower than the
critical value. On the other hand, the TDD-MDR tube model
correctly captures the crossover position (ωx,TDD-MDR ≈ 0.15
rad/s) and so does the DSM (ωx,TDD-MDR ≈ 0.1 rad/s). More-
over, the predictionby theTDD-MDRtubemodel for PS39&427
blend with SG= 1.4 is significantly worse than those by the PL
and DSMmodels, as shown in Figure 10. The fitting parameters
for the predictions are GN

0 = 320 kPa, Kr = 1.5� 10-5 s/kDa3,
and KR = 1 � 10-3 s/kDa2(τR,S = 1.5s) for the TDD-MDR
model, and τe = 0.03 s and τR,S = 6 s for the PL model. More-
over, both tube model predictions without longitudinal modes
are unsatisfactory for the PS39&427 blend, Figure 10.

Assumption of Nonbinary Entanglements

Weshowed thatDSMwith only binary entanglements predicts
the LVE ofmonodisperse and bidisperse systemswell. Themodel

Figure 5. Comparison of the DSM LVE predictions (lines) with ex-
perimental data by Maier et al. Gray and black triangles are data for
PS102 and PS390, black squares and circles are bidisperse mixture
PS60&177%40, and gray squares and circles are PS60&177%60.11.

Figure 6. Comparison of the tube models and DSM LVE predictions
with experimental data for PS160&670 (black symbols).7 Lines are pre-
dictions by theDSM (black solid), TDD-MDR (black dashed), and the
PL model (gray solid and dashed).

Figure 7. Comparison of the tube models and DSM LVE predict-
ions with experimental data for PS60&177%40 (black symbols) and
PS60&177%60 (gray symbols).11 Lines are predictions by the DSM
(black solid), TDD-MDR (black dashed), and the PL model (gray).

Figure 8. Comparison of the tube models and DSM LVE predictions
with experimental data for PS102&390 (black symbols).12 Lines are
predictions by the DSM (black solid), TDD-MDR (black dashed), and
the PL model (gray).
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does not require any additional physics such as tube dilation and
it captures the decrease in the longest relaxation time from its
high-molecular-weight monodisperse component properly.

Previously, Nair and Schieber24 showed that the continuous
slip-link model with Rouse-like CR predicts binary blend data
better with entanglements that are formed by 5.4 chains on
average. However, in ref 4 it has been shown that Rouse-like
CR predicts long-time relaxation slower than CD, so the conclu-
sions in ref 24 are model specific and do not apply to the DSM
with CD. Therefore, we test the assumption of binary entangle-
ments.Higher-order entanglements requiremore than two chains
per entanglement. If one of the chains abandons an entangle-
ment, the entanglement is destroyed for all of the chains.

We compare LVE predictions for the PS102&390 bidisperse
blend with SG = 0.074, assuming binary and ternary entangle-
ments. As seen in Figure 11, the longest relaxation time for the
blend is significantly shorter for the DSMwith ternary entangle-
ments than observed experimentally and predicted by DSMwith
binary entanglements. If we assume higher entanglement com-
plexity, the deviation will increase. This result suggests that the
assumption of binary entanglements is better than higher-order
ones for DSM.

Experiments of Liu et al.

Liu et al.6 tried to probe the chain relaxation modulus in a
fixed environment experimentally. They measured the dynamic

modulus of 10% by mass probe chains in a very-high-molec-
ular-weight matrix. The measurements clearly show two dis-
tinct peaks of G0 0 at low and high frequencies. They naturally
assumed that in the blend the high-molecular-weight matrix
relaxation has a much slower time-scale than relaxation of the
low-molecular-weight probe chains. Therefore, the position of
the low-frequency peak is determined by relaxation of the
diluted high-molecular-weight matrix only, and the position of
the high-frequency peak, Gpeak

0 0 , is determined by relaxation of
the probe chains in a nearly fixed environment. As a result,
they concluded that LVEof the blendminus LVE of the diluted
matrix is proportional to LVE of the probe chains in a fixed
environment. From several LVE measurements of blends with
different probe-chain molecular-weights they showed that the
Gpeak

00 corresponding frequency, ωpeak, scales with molecular-
weight of the probe chains as Mw

-3.1. They also calculated a
retardation factor ωmono/ωpeak, where ωmono is the frequency
atGpeak

0 0 for monodisperse probe chains. The retardation factor
was significantly higher (above 3)22 than tube models (below
2.5)22 or DSM (∼3)4 predictions. Liu et al. concluded that
relaxation of the environment affects chain relaxation more
than existing models predict. They also concluded that the
observed zero-shear-rate viscosity scaling of 3.5 is a result of
environment relaxation and not CLF. As a result, they sug-
gested that the contribution to relaxation from CLF is over-
estimated in tube models.

In contrast to tube models, the DSM model does not specify
contributions to chain relaxation from reptation or longitudi-
nal modes;it arises from the model. DSM also predicts that
CD does not affect zero-shear-rate viscosity scaling with mole-
cular weight,4 which contradicts Liu et al. In previous work,
we suggested that the disagreement might result from CD rela-
xation of the matrix due to SD of the probe chains in Liu’s
experiments.4

In fact, the factorization assumption predicts that the normal-
ized relaxation modulus, G

_
B(t) = GB(t)/GN

0 , of the bidisperse
blend is

G
_
BðtÞ ¼ ðwLG

_SD

L ðtÞþwSG
_SD

S ðtÞÞðwLG
_CD

L ðtÞþwSG
_CD

S ðtÞÞ
ð32Þ

where G
_
L
SD/CD is the normalized stress relaxation due to long

chain dynamics only and G
_
S
SD/CD is the normalized stress

relaxation due to short chain dynamics. The weight fraction
of the probe chains is much smaller than weight fraction of
the matrix, so we neglect terms of wS

2. Also, for t , τd,L, the
stress relaxation by the matrix dynamics can be neglected

Figure 9. Comparison of the tube models and DSM LVE predictions
with experimental data for PS191&670 (black symbols).3 Lines are
predictions by the DSM (black solid), TDD-MDR (black dashed), and
the PL model (gray).

Figure 10. Comparison of the tube models and DSMLVE predictions
with experimental data for PS39&427 (black symbols).8 Lines are
predictions by the DSM (black solid), TDD-MDR (gray), and the PL
model (gray).

Figure 11. Comparison of the DSM LVE predictions assuming binary
(black lines) and ternary (gray lines) entanglements with PS102&390
experimental data (black symbols).12.
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compared to the stress relaxation by the probe dynamics;
in other words,G

_
S
SD/CDG

_
L
SD/CD∼ G

_
S
SD/CD. Then it is straightfor-

ward to show that G
_
B(t) without the matrix contribution, the

quantity Liu et al. plotted in their Figure 3b, becomes

G
_
BðtÞ-w2

LG
_
LðtÞ=wSðG

_SD

S ðtÞþG
_CD

S ðtÞÞ ð33Þ
Note that the relative contribution is independent of the matrix
molecular-weight or weight-fraction as long as the matrix relaxa-
tion is much slower than the relaxation of the probe chains. In
other words, LVE measurements of a probe chain in a high-
molecular-weight matrix are not measuring stress relaxation by
SD only, but an average of relaxations by SD and CD, because
probe chains remove constraints that they impose on the envir-
onment.

Liu et al. neglected the second term on the right side of eq 33
in their analysis. Although, they misinterpreted the results,
their experiments have significant value. As we have shown in
previous work, the DSM individual SD and CD relaxation
processes are very different from SD and CD in the Likhtman
and McLeish tube model.4 However, monodisperse LVE
measurements observe the product of the two relaxation
processes, and this product is very similar for DSM and the
Likhtman and McLeish tube model.4 Thus, monodisperse
experiments could not differentiate between the two models.
As we can see, probe rheology measures the average of the
two processes (within the factorization assumption), which is
different for theDSMand theLikhtman andMcLeish tubemodel.
Although the Likhtman and McLeish tube model is derived for
monodisperse systems, it is possible to generalize their model
to apply to bidisperse blends. However, the generalization is out-
side of the scope of this paper; therefore, we will avoid the
comparison here.

In this work we included contribution from the matrix relaxa-
tion due toCD induced by the probe chains.We have fitted β and
τK to themonodisperse PBD22kDaLVEexperimental data, and
the fit (gray continuous line) and the data (9) are plotted in
Figure 12. Note that LVE data of PBD22 is shifted vertically by a
factor of 4 for better visualization. The parameter values for
PBDare β=5.1, which corresponds toGN

0 =1.7MPa and τK=
0.07 μs at 25 �C. Note that our GN

0 value is significantly higher
than the one reported in ref 6 (GN

0 = 1.15 MPa). Without any
adjustments to the τK value, we predict the dynamic modulus of
the bidisperse blend. The DSM model allows us to calculate
contributions to the blend relaxation from the probe chains and
the matrix separately. The relaxation modulus of the matrix
shows significant relaxation (∼10%GN

0 ) on the time scale of the
probe chain relaxation. This matrix relaxation was neglected by
Liu et al. We also calculated the dynamic modulus of the diluted
matrix by setting βd = 5.7 (GN,d

0 = 1.4 MPa) and subtracted it
from the blend LVE prediction. The resulting LVE after sub-
traction (black line) has a plateaumodulus ofGN,b-d

0 =0.3MPa.
It is compared to the experimental data (circles) and to the DSM
predictionof the probe chain relaxationbySDonly (gray dashed)
in Figure 12.

As shown in Figure 12, the DSM LVE prediction for the
blend minus diluted matrix (black lines) agrees with experi-
mental data very well; however, we performed a vertical shift
of the prediction by 0.05 MPa to match the data. The shift
forces the plateau modulus to become 0.25 MPa, the value
similar to that reported by Liu et al. This 20% vertical shift will
not affect ωpeak and the retardation factor. Therefore, the
DSM predicts the correct position ofωpeak and the retardation
factor for the probe chains. In Figure 12 we also show LVE of
the PBD 22 kDa stress relaxation by SD only as predicted by
the DSM (gray dashed lines). From the figure it is clear that the

predicted LVE, which is similar to the average of G
_
S
SD and

G
_
S
CD, relaxes slower than G

_
S
CD only; in other words, the

contribution from the matrix relaxation due to CD from
the short chains decreases ωpeak = 1590 rad/s compared to
the value for the relaxation of short chains by SD, onlyωpeak=
2240 rad/s, as expected. The results show that DSM predicts
Liu et al. experimental data and explains the retardation factor
increase but disagrees with their conclusions. The high-mole-
cular-weight matrix CD relaxation is not negligible compared
to the probe chain relaxation.

We performed the same procedure to compare LVE pre-
dicted by the PL tube models.26 The model parameters were
fitted to the probe monodisperse data (Me = 1.57 kDa and
τe = 0.14 μs). The monodisperse LVE data and PL model are
plotted in Figure 13 as squares and the gray continuous lines.
Without any adjustment of the parameters, we use the PL tube
model to predict Liu et al. probe rheology data, shown in
Figure 13 as black circles and a black line, accordingly. It is
clear that the prediction of the probe rheology experiments by
the PL tube model is unsatisfactory.

Figure 12. Comparison of theDSMpredictionswith experimental data
(symbols) by Liu et al. The circles are LVE data of PBD22&234 with
subtracted LVEof diluted PBD234 kDa (Figure 3 in ref 6). The squares
are LVE data of the monodisperse probe chains shifted vertically by a
factor of 4 for better visualization. Lines are LVE predictions of the
monodisperse probe chain relaxation (gray continuous), probe chain
stress relaxation by SD only (gray dashed) and probe chain relaxation
including CD from the matrix (black) by the DSM.

Figure 13. Comparison of the PL tube model predictions with experi-
mental data (symbols as in Figure 12) by Liu et al. Lines are LVE
predictions by theParkandLarson tubemodel.The squares areLVEdata
of the monodisperse probe chains shifted vertically by a factor of 4 for
better visualization. Lines are LVEpredictions of themonodisperse probe
chain relaxation (gray continuous) and probe chain relaxation including
CR from the matrix (black) by the Park and Larson tube model.
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Factorization Assumption

One of the essential assumptions in tube models is factoriza-
tion, which is necessary given the tube models’ typical level of
description. It assumes that polymer relaxation is proportional to
a product of relaxation by SD only and relaxation by CR only.
Therefore, the influence of SDonCRand vice versa are neglected.
Although the PL tube model avoids factorization in the time
domain, it still requires spectrum factorization. We examined the
time factorization assumption with DSM for monodisperse poly-
mers and found it to be reasonable.4 However, it is expected that
interactions between SD andCDare stronger in bidisperse blends.
Therefore, we tested if the factorization assumption can also be
applied to bidisperse systems. In addition, we tested the mixing
rule (eq 19), which is used by the TDD-MDRmodel and predicts
blend relaxation based solely on relaxation of its monodisperse
components. The DSM has a more-detailed level of description,
so it does not require factorizationor amixing rule, andwe canuse
DSM to check two assumptions made in tube models.

We have calculated GSD(t) and GCD(t) for the PS102&390
blend using DSM and compared their product, normalized by
GN
0 , with theDSMG(t) prediction.Note thatGSD(t) for the blend

is a superposition ofGSD(t) of its monodisperse components. The
factorized prediction is shown in Figure 14 as “factorization”
(dotted line). Clearly, the product of the two relaxation moduli
overestimates the longest relaxation time of the blend. So the
interaction between SD and CD processes are significant in
bidisperse blends. Note, that a similar overestimation of the
longest relaxation times was observed in the TDD-MDR and PL
tube models prediction of the PS102&390 blend.

We have shown above that in bidisperse blends, SD and CD
significantly affect each other. Equally important to know is if
CD of the short chains affects CD of the long chains. To
analyze the effect, we calculate a superposition of GCD(t) of
the monodisperse components multiplied by a superposition
of GSD(t). The procedure is similar to the mixing rule, eq 19,
where all contributions come from monodisperse predictions.
The resulting curve is displayed in Figure 14, labeled as
“mixing rule” (dashed line). As shown in the figure, the
relaxation modulus predicted by the mixing rule is above that
predicted by the factorization assumption. This fact implies
that the presence of the short-chain-long-chain entangle-
ments reduces the longest relaxation time of the long-chain
CD relaxation modulus.

The above effects aremore significant for the blends of very short
and very long chains, SG . 1. The decrease of the longest

relaxation time of the long-chain CD due to the presence of the
entanglements with short chains is compensated by the tube dila-
tion process, which instead reduces reptation time, in tube models.

A decrease of the longest relaxation time of the long
chains due to the presence of short chains is observed experi-
mentally.9 However, experiments are unable to determine
whether the effect is due to a decrease of the SD-longest-
relaxation-time or the CD-longest-relaxation-time. Tube
models postulate that the effect is related to a decrease of
the SD-longest-relaxation-time and mimic it by the tube
dilation process. In the DSM, the effect is not postulated but
arises from the model’s self-consistency. We observe that the
presence of short chains decreases the longest relaxation time
of both processes: SD and CD. However, SD dominates over
CD, and therefore, the decrease of the CD-longest-relaxation-
time is unimportant.

Conclusions

By comparison with data and less-detailed tube models, the
DSM is able to draw several important conclusions. Without any
additional physics, we applied DSM to predict bidisperse LVE.
Both fitting parameters of the model, β and τK, were determined
from the monodisperse LVE comparison with data. Using these
parameters, the DSM with only binary entanglements predicts
bidisperse LVE at least as well as the TDD-MDR tubemodel with
64 adjustable parameters (Kr, KR, M*, and Me) and the PL tube
model with four parameters (Me, τe, τR, and SG), including longi-
tudinal modes. The PL model is somewhat more difficult to
calculate than the TDD-MDR model, but both are substantially
easier than DSM calculations. Even with significant difference in
molecular-weight between long and short chains, in which case the
PL model requires the SG parameter, the DSM predicts blends
LVEwithout any modifications relative to the monodisperse case.
The fundamental and self-consistent implementationofCDavoids
any tube dilation process required by CR in tube models.

We showed that only DSM with binary entanglements can
predict probe rheology and monodisperse LVE data at the same
time. The failure of the tube models is a result of different
contributions from SD and CD to the relaxation modulus
compare to the DSM.4

We tested a factorization assumption and mixing rule
for bidisperse systems. We showed that SD and CD can not be
treated as independent processes, as typically assumed in tube
models. Such an assumption introduces an error, if applied to the
DSM, that overestimates the longest relaxation time.

We generalized the DSM to allow entanglements of any
complexity. We showed that binary interactions between
chains is not only a sufficient, but a required assumption for
the DSM. The assumption is also supported by our analysis
of Liu et al.’s probe rheology experimental data. So the
ad hoc exponent of 2.2 in the MDR theory could not be
explained by complex entanglements, but rather might be
related to compensation of the error from decoupling SD
and CR.
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Park and Larson Tube Model in Spectrum Domain

We have shown above our own interpretation of the PL
tube model applied to bidisperse systems. From eqs 19, 23, 25,
and 26, GPL consists of 16 terms. After applying approxi-
mations 28, 29, 30, 31 we obtain an expression consistent

Figure 14. Relaxationmoduli predicted byDSM.Lines are predictions
by the DSM.
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with the one reported in ref 5 (eq 19), but in the spectrum
domain.
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